A novel numerical method to solve asymmetric adhesive contact problems in rectangular coordinates has been developed. Surface interaction is modelled using an interface potential, deformation is coupled using Green's functions for a half space, and the resulting system of equations is solved by a relaxation technique. The method can handle arbitrary surface topography and properties. Compared with previous methods, this numerical scheme is much easier to implement and is just as accurate. Here, it is applied to two adhesive contact problems: one between a sphere and a cylinder; and the other between two identical cylinders in oblique contact. The numerical results reveal inaccuracies in elliptical contact theory when the skew angles between the two cylinders are small and the resulting contact is highly eccentric. The pull-off forces show an indiscernible decrease with decreasing value of the skew angle, which is quite different from the elliptical JKR theory. This technique can be used to solve adhesive contact problems that involve partial contact or complex geometry, such as rippled or rough surfaces.
Introduction
The canonical problem of adhesive contact between two elastic spheres has been studied extensively over the last few decades, in particular, using two continuum mechanics models, namely the Johnson-Kendall-Roberts (JKR) [1] and the Derjaguin-Muller-Toporov (DMT) models [2, 3] . The JKR model modifies the Hertz equations for the adhesionless contact of elastic spheres by accounting for surface energy. In the JKR theory the surface energies cause an infinite tensile stress to act at the contact edge, while in the DMT theory, the tensile stress is finite in a region outside the contact edge but is zero inside it. The two seemingly contradictory models were reconciled first by Tabor [4] who suggested that they 3 Author to whom any correspondence should be addressed.
described two extremes of a certain dimensionless parameter (later dubbed the Tabor parameter µ, which is defined later in this paper). Tabor showed that the JKR model is suitable for large, compliant spheres with strong adhesion (where µ is large), while the DMT model applies to small, stiff spheres with weak adhesion (where µ is small). Maugis [5] then developed a closed form solution for the transition between the JKR and DMT models by applying the DugdaleBarenblatt model to approximate the surface interaction. The parameter used by Maugis, quantifying the transition between the JKR and the DMT limit, is commonly referred to as Maugis parameter, which is effectively the same as Tabor parameter µ if one identifies ε (defined later in this paper) in the Tabor parameter with W ad /σ 0 in the Maugis parameter, where W ad is the work of adhesion and σ 0 is the strength of the interface.
The first numerical simulation for the adhesive contact between spheres was presented by Muller et al in 1980 [6] . They used the Lennard-Jones potential to model surface interaction and showed a continuous transition from the JKR to the DMT theory as the Tabor parameter decreased. More numerical computations were performed by Attard and Parker [7] . They showed a puzzling non-monotonic trend of the pulloff force versus the Tabor parameter, but they did not treat the singular integrands in the governing equation correctly, resulting in their predicted trend and the quantitative validity of their pull-off forces being questioned. A complete numerical solution was obtained by Greenwood [8] . He pointed out the existence of singular integrands in the governing equation and found S-shaped load-approach curves for values of µ greater than one, leading to jumps into and out of contact. Feng [9, 10] proposed a more efficient numerical method and a more accurate treatment of the singular integrands. He used Newton's method to solve the nonlinear equations and applied Keller's algorithm [11, 12] of the arc-length continuation to track the solution branches around the turning points to determine the jumping-on and jumping-off behaviour. Since spheres are axisymmetric, in all the above numerical computations, the number of nonlinear equations is of order n, where n is the number of elements for tessellation of the problem domain.
There are many important applications in which the contact area is not axisymmetric, e.g. a sphere in contact with a cylinder or two cylinders oriented at a skew angle. Yang [13] analysed the adhesive contact between an elliptical rigid flat-ended punch and an elastic half space using the energy method. The separation was found to initiate at the edges of the major axis, which would lead the initially elliptical contact to evolve to a more circular shape. Johnson and Greenwood [14] proposed an approximate JKR theory for the adhesive contact of smooth elastic bodies whose relative radii of curvature are unequal, in which they assumed that the energy release rate is approximately constant along an elliptical contact line. In the following, their model is referred to as elliptical JKR theory.
There are even more challenging but important problems, such as the adhesive contact between rough surfaces, where the contact area is multiply connected and quite irregular. Solving these problems with a general numerical technique, such as the finite element method, is computationally prohibitive. If, as can often be assumed, the surfaces do not deviate strongly from planarity, a significant simplification can be achieved by discretizing only the surface and accounting for interactions between them using known contact Green's functions. Even with this simplification, the absence of radial symmetry presents difficulty in the numerical solution of adhesive contact, since the number of nonlinear equations increases from n to n 2 (see section 3). To bypass these difficulties, Wu [15] proposed an elegant numerical method to solve an asymmetric adhesive contact problem, which combines the fast Fourier transform, the bi-conjugate stabilized method, a preconditioning technique and a path-following method. Elliptical adhesive contact was studied experimentally by Sumer et al [16] utilizing two polydimethylsiloxane (PDMS) cylinders placed at different skew angles with respect to each other. They found that the difference of the maximum adhesion force between experiments and elliptical JKR theory increased as the contact line went from mildly elliptical to slim elliptical. Despite the feasibility and sophistication of the technique employed by Wu [15] , it is complicated to implement and still requires significant computing time and memory resources. In this work, a numerical method, much simpler to implement and as accurate as that introduced by Wu [15] , is presented. This method is used to investigate two asymmetric adhesive contact problems: (1) the adhesive contact between a sphere and a long cylinder, as shown in figure 1(a) ; and (2) the adhesive contact between two identical long cylinders placed at a skew angle θ with respect to each other [16] , as shown in figure 1(b) . While the problems studied in this paper each have a single asymmetric contact region, this technique can handle the problems that have multiple arbitrarily shaped contact regions. (Those examples will be shown elsewhere.)
Governing equations
The equations governing frictionless adhesive interaction between two smooth, isotropic, linearly elastic nonconforming bodies are well known and can be found in [8, 15, 17] . The implicit assumption is that the contact is small compared with the size of the elastic bodies, and as a result, the initial air gap h o , interpreted as the separation of the surfaces in the absence of applied and adhesive forces, can be written as
where R and R are called principal relative radii of curvature.
For the two problems to be investigated in this paper (see appendix A)
where R s and R c are the radius of the sphere and the cylinder respectively. Table 1 shows a summary of the dimensional and dimensionless parameters used in this paper.
In the presence of adhesive forces and external load, the surfaces deform and the separation or air gap between them depends on the surface interaction. As in [15] , surface interaction is assumed to be governed by the Lennard-Jones potential (integrated between one surface and the opposing half space). In dimensionless form, the local pressure P is related to the air gap H by
According to (3) , the local pressure is compressive (P > 0) when H < 0 and is tensile (P < 0) when H > 0. At H = 0, P = 0. Derjaguin's approximation [18] of assuming that (3) can be applied for small areas of surfaces even when they are inclined or curved is used. Following [15] , the normalized air gap after deformation H is related to the pressure distribution P by
where is the entire X-Y plane, µ is the Tabor parameter [4, 19] , and U is the normalized initial gap given by
Note that (4) involves only quantities on the surface of the contacting bodies, i.e. it assumes that the surfaces are nearly flat. The dimensionless normal load F acting on the bodies is therefore
Numerical method
Since the pressure drops very rapidly as the air gap increases, the region over which the problem is solved, , can be taken to be a finite rectangle b] . Partition this rectangle into 2N 1 × 2N 2 rectangles, each with area ab/N 1 N 2 . When a mesh element is small enough, the contact pressure at each element can be treated as a constant. Since both problems have symmetry that 
(4) is evaluated at the mid-point of kl , denoted by (X k , Y l ), and this results in (8) where
The summation convention is used for repeated indices in (8) to sum over index i from 1 to N 1 and index j from 1 to N 2 . The integrals C ij (X, Y ) can be evaluated exactly [20] , which is given in appendix B. By defining (8) can be written as
To write (10) in a more familiar form, define column vectors
where 
b 1
where E i and ν i are Young's modulus and Poisson's ratio of body i, respectively.
Since P is a highly nonlinear function of H , (11) is a system of N 1 N 2 nonlinear equations. Even for moderately small mesh size where
2 , the number of elements of C is 10 8 , and thus computation can rapidly become intractable. To solve (11) numerically, a virtual state relaxation method by interposing a virtual dash-pot in the mechanical system described by (11) is proposed. Then (11) is transformed into the following evolution equation for the dynamical system defined by
The equilibrium solution of this dynamical system is determined by d H /dt = 0, which is the solution of (11) . For large separations (D large and negative), the surface forces are weak ( P ≈ 0) and barely deform the surfaces, thus one can start with an initial condition of H (t = 0) = −D + U to obtain the solution in the next time step. The basic idea is that D is gradually increased and the H vector obtained from the previous step is used as the initial guess for computing H in the next step. In each step, let time evolve until equilibrium is reached within a prescribed tolerance. This method plots only the stable equilibriums for each D, and thus the load-displacement curves are discontinuous at unstable jumps. All the numerically generated forcedisplacement curves in this paper are obtained by a two-stage process: one as D increases from minimum to the maximum displacement, and the other one as it decreases back to the minimum. The two numerical stages essentially generate the two experimentally measured force-displacement branches, i.e. approach and detachment, under displacement-controlled loading.
While it has not been mathematically proved that the above numerical procedure will always converge to the correct equilibrium solution, irrespectively of initial conditions, important insight on how this numerical procedure work can be gained by considering a one-dimensional version of (12). For this case, it is convenient to rewrite (12) as
where
and c 1 (>0) and c 2 are dimensionless parameters. The nonlinear ordinary differential equation (13a) can be viewed as representing a nonautonomous dynamical system in which x can be interpreted as the position of a particle. The function f defined by (13a) specifies the particle velocity dx/dt at each position x. It can be shown that, for c 1 < c * 1 (small Tabor parameter), f is strictly decreasing resulting in exactly one stable equilibrium or fixed point (see figure 2(a) ). When c 1 > c * 1 (large Tabor parameter), f first decreases rapidly, then increases to a maximum, and then decreases monotonically. For this case, the number of fixed points depends on c 2 (see figures 2(b)-(d)). It is easy to show that, as c 2 falls below a critical point c * 2 , whose value depends on c 1 , a new fixed point materializes and splits into two, one stable and one unstable (see figure 2(c) ). This is called a saddle-node bifurcation at c * 2 (c 1 ). As a result, there are three fixed points, two are stable and the middle one is unstable (see figure 2(c) ). Further decreasing c 2 results in another saddle-node bifurcation where the middle unstable fixed point and the stable fixed point on the left move towards each other, collide, and mutually annihilate. Thus, for c 2 sufficiently negative, there is only one fixed point (see figure 2(d) ). This behaviour is summarized in figure 2 , the phase portrait of the dynamical system, whereẋ is plotted against x and the direction of flow near the fixed point(s) is indicated. This portrait shows that, for a given initial condition, the relaxation method allows the dynamical system to evolve to these stable equilibrium solutions. Figure 2 shows that the long time solution converges to the stable fixed points irrespective of the initial condition. The N -dimensional system, i.e. (12) , is much more complicated. However, it is important to note that at the beginning of each iteration, the numerical solution is close to the equilibrium solution, hence one only needs to analyse the behaviour of the phase portrait near the equilibrium solution. This analysis is given in appendix C.
To check this method, the problem of adhesive contact between a sphere and a half space is solved, and it shows that the results are consistent with Wu's results [15] . The nondimensional load-displacement curves are shown in figure 3 . It can be seen that the load-displacement curves for very small values of Tabor parameter (µ < 0.1) converge to the prediction of rigid-sphere model:
which is referred to as the Bradley curve [9] . For large values of Tabor parameter the load-displacement curves become S-shaped, leading to jumps into and out of contact. The loaddisplacement curves generated by the present method comprise only the stable solutions that can be observed in experiments.
The accuracy and capability of extension to higher values of Tabor's parameter was further confirmed in [21] , in which the adhesive contact problem between a spherical indenter and rippled surface was solved and compared with an exact solution provided by Guduru [22] .
Results and discussion
Since the numerical results will be compared with the approximate elliptical JKR theory, a few of its basic results [14] are summarized here. In the elliptical JKR theory, the contact line where the energy release rate is equal to the work of adhesion is assumed to be an ellipse with semi-major and minor axis a c and b c , respectively. The normal load f , separation δ and mean contact radius c c ≡ √ a c b c in normalized form (F, , C) are
where c r is a reference contact radius defined by c r = [9πR 2 e W ad /4E * ] 1/3 and g is the axes ratio defined by g = b c /a c . The axes ratio is related to the eccentricity e of the ellipse by e 2 = 1 − g 2 . The dimensionless quantities 1 and 2 in (15a)-(15c) are weighting parameters accounting for the effect of adhesion energy: where K(e), C(e), B(e) and D(e) are complete elliptic integrals [23] that depend only on the eccentricity e, and λ is the ratio of the principal relative radii of curvature of the bodies:
Based on (15a) and (15b), the normalized force-displacement curves for different values of R /R are plotted in figure 4 . In a load-controlled experiment, the two surfaces will spontaneously separate once the pull-off force is reached. Following the standard convention in contact mechanics, the absolute value of minimum on the F ( ) curve is called as the pull-off or adhesion force, F c . Figure 4 shows that the normalized pull-off force F c monotonically decreases with increasing values of R /R . When R /R = 1, the results given by (15a)-(15d) reduce to the classical JKR theory for circular contact [1, 17] , which can be written as
In the Hertz contact theory, only compressive stresses can exist in the contact area, which gives the following equations [17] :
For the DMT model, the force is the Hertz force inside the contact area plus the adhesion force outside the contact area, which gives [2, 17]
For the two problems to be investigated in this paper,
The variation in the ratio of principal relative radii of curvature R /R versus β or θ is plotted for the two problems in figure 5 , which shows that the ratio is not large in problem 1 even for very large values of β (large sphere and small cylinder), whereas R /R can be very large in problem 2 for small skew angles. figure 6 , which indicates that the numerical results agree very well with the elliptical JKR theory. Numerical simulation was also performed for µ = 3.0, but the curve is not shown in this figure, since it is quite similar to that for µ = 2. numerical results predict much larger values of tensile force for a given indentation depth. In particular, the pull-off forces F c are nearly independent of the values of R /R (showing an indiscernible decrease with increasing value of R /R ), which is quite different from the elliptical JKR theory which shows that the pull-off force F c decreases with decreasing skew angle. One may argue that this discrepancy is due to the fact that elliptical JKR theory assumes that µ → ∞, and therefore it does not explicitly account for surface interaction. However, numerical simulation for the case of µ = 3.0 shows quite similar result to that for µ = 2.2. The percentage of relative deviation is less than 2.23%, much smaller than the deviation from the elliptical JKR solution. This discrepancy can be explained as follows. In the elliptical JKR theory, the crack front (where the energy release rate equals to the work of adhesion) is assumed to be an ellipse. However, the pull-off instability is very sensitive to the shape of the crack front, since a slight change in the shape of crack front can cause the crack to go unstable (see also comment in figures 11 and 12(a) ). Based on the experimental parameters provided by [16] , figure 8 plots the pull-off force f c as a function of the To compare the shape of the contact area with the elliptical JKR theory, contact needs to be defined. Using Greenwood's definition [8] , the location of the peak tensile stress is considered as the contact edge. Denote the location of the peak tensile stresses along x-and y-axis as a c and b c , respectively. The mean contact radius c c ≡ √ a c b c obtained using the numerical results will be compared with the elliptical JKR theory as given in (15c). For problem 1, figure 9 plots the normalized force F 0 ≡ f/(3πR s W ad ) versus normalized mean contact radius C 0 ≡ c c /c 0 for µ = 2.2 and for different values of R /R . For problem 2, figure 10 plots the normalized force F versus normalized mean contact radius C for µ = 2.2. It can be seen that, near the final pull-off, the discrepancy between numerical curves and the elliptical JKR model becomes larger with increasing value of R /R .
For problem 1, figure 11 plots a series of normalized pressure distributions P for β = 7.0 (the corresponding value of R /R is 8.0) and µ = 1.0 at D = −1.8, −1.0,0.0 and 1.0. For problem 2, figure 12(a) plots the normalized pressure distributions for θ = π/18 (the corresponding value of R /R is 130.6) and µ = 1.0 at D = −1.8, −1.0 and 0.0. When the two bodies are approaching each other from a noncontact state, e.g. at D = −1.8, the surfaces barely deform with pressure being nearly zero everywhere. As the two bodies approach each other one step further, e.g. at D = −1.0, the surfaces jump to a new equilibrium state suddenly with a nonzero contact area, and the pressure becomes compressive (>0) in the central region and tensile (<0) at the contact edge.
To check how elliptical the contact lines are, the ellipses based on the location of the peak tensile stresses along x-and y-axis are plotted in magenta lines, as shown in figures 11 and 12(a). It is found that the contact lines are approximately elliptical. However, a closer examination (by zooming in on the y-axis) reveals that at the tip of the major axis, the real contact shape is always a little blunter as compared with an ellipse, as shown in figure 12(b) , in which a comparison between the magenta lines and the real contact lines at D = −1.2 is presented for two different skew angles: θ = π/6 and θ = π/18. This deviation from an ellipse is found to increase as the skew angle is reduced, which is expected since the initial assumption of Hertzian elliptical boundary in the solution of elliptical JKR theory does not satisfy the requirement that the stress intensity factor be equal around the periphery, especially for large values of R /R [14] . This deviation is consistent with previous experimental observation, shown in [16] , which shows that the nucleation sites for the detachment starts at the tip of the major axis, resulting in a nonelliptical shape of the contact area.
So far, the simulation has been mostly carried out in the JKR adhesion regime, i.e. for large values of Tabor parameter (µ 1.0), in which the key assumption is the absence of surface interaction outside the contact area. Attractive forces outside the contact edge become important for stiff materials, small spheres or weak adhesion. In these cases, the contact mechanics is better captured by the DMT model [2, 17] , which assumes that molecular forces act only in a ring-shaped zone of noncontact adhesion. To explore the DMT and JKR-DMT transition regimes, problem 2 is simulated for θ = π/6 (the corresponding value of R /R is 13.9) for different values of Tabor parameter: µ = 0.1, 0.3 and 1.0. Figure 13 plots the normalized force F versus normalized displacement . Figure 14 plots the normalized force F versus normalized mean contact radius C. The classical JKR model (17a), Hertz contact theory (17b) and DMT model (17c) for circular contact are superimposed for comparison. It can be seen that with decreasing value of Tabor parameter, the force-displacement curve becomes closer to the prediction by the DMT model.
Summary
A new numerical technique for analysis of asymmetric adhesive contact problems in rectangular coordinates has been developed.
Adhesive interactions are represented by an interaction potential and surface deformations are coupled using half-space Green's functions discretized on the surface. The resulting set of nonlinear equations is solved by a relaxation technique. Because it can handle surface topography and spatial variation in adhesive properties, this technique allows more efficient modelling of a number of problems in adhesive contact mechanics that have been difficult to analyse so far.
In this paper, the new numerical method has been applied to two adhesive contact problems: the adhesive contact between a sphere and a cylinder; and the adhesive contact between two identical cylinders placed at a skew angle θ with respect to each other. The results are compared with Johnson and Greenwood's approximate elliptical JKR model [14] . For small values of R /R , i.e. the ratio of the principal relative radii of curvature of the bodies, the elliptical JKR model works well, but for large values of R /R , the discrepancy between numerical results and the elliptical JKR model becomes large. The pull-off forces show an indiscernible decrease with increasing value of R /R (nearly independent of the value of R /R ), which is quite different from the elliptical JKR theory. This deviation is expected since the initial assumption of Hertzian elliptical boundary in the solution of elliptical JKR theory does not satisfy the requirement of the stress intensity factor to be equal around the periphery. The numerical results reveal that at the tip of the major axis, the real contact shape is always a little blunter as compared to an ellipse. This is consistent with previous experimental observation [16] , which shows that the nucleation sites for the detachment starts at the tip of the major axis. This numerical technique is much simpler to implement and as accurate as the method introduced by Wu [15] . This technique has also been proven to be very efficient in solving adhesive contact problems between a spherical indenter and rippled surfaces that involve partial contact and large value of Tabor's parameter [21, 22, 24] .
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Appendix A
There is a unique relation between R , R , the principal radii of curvature of the two bodies, and the angle θ between the axes of principal curvature of each surface as follows (see appendix 2 in [17] 
Let R s and R c be the radius of the sphere and the cylinder, respectively. For problem 1, in the case of a uniform cylinder, first principal curvature takes the value of the radii of the cylinder R 1 = R c , and the second principal curvature becomes infinite
Likewise with problem 2, R = R c /(1 − cos θ) and R = R c /(1 + cos θ). where
Appendix C
The N -dimensional dynamical system described by equation (12) is much more complicated and a full analysis such as the one for one-dimensional case is very difficult. Fortunately, in the numerical procedure, the initial conditions chosen are always close to an equilibrium solution. Therefore, only the local stability of (12) needs to be studied,
There can be many equilibrium solutions of (C2) which are denoted by φ ∞ , i.e. The stability at these equilibrium solutions can be examined by
Denote φ = φ− φ ∞ a small disturbance from the equilibrium position and expand ( φ + φ ∞ ) as
Then (C4) can be rewritten as (C8) Equation (C6) becomes
The stability of an equilibrium solution depends on the eigenvalues of J which are determined by the competition between the two terms on the right-hand side of (C7). When the Tabor parameter is so small that the first term dominates, the solution is always stable since the eigenvalues of [J ] are close to −1. As the Tabor parameter becomes large, as in the one-dimensional case, the eigenvalues of J depend on D.
Since H > −1, the condition H ∞j = φ ∞j − D + U j > −1 must be satisfied and this condition constrains D to satisfy
The following situations are anticipated:
(1) When D is negative and its magnitude is sufficiently large, jj is positive and small ( jj → 0 as φ ∞j − D + U j → +∞), so the first term on the RHS of (C7) dominates and the solution is stable. where j is the j th eigenvalue of [C] [ ]. Therefore, near the equilibrium solution, the local phase portraits are extremely simple and essentially one dimensional. [ ] can have positive eigenvalue, which may result in 1 − (µ 3/2 /π ) j < 0, and the ψ j associated with these positive eigenvalues is responsible for the observed S-shaped load-approach curves.
For example, when µ = 1, as shown in figure 3 , as two bodies move closer from a large separation, no nearby stable equilibrium state exists for D = −1.63 and the solution branch folds back to the states representing two bodies separated further away. Such a turning point indicates the jumping-on of contacting surfaces when they move infinitesimally closer. On the other hand, when two bodies are pulled off from a contact state, the turning point at D = −1.74 corresponds to the jumping-off of contacting surfaces. Consistent with mathematical and physical considerations, the middle part of the solution branch between the two turning points represents unstable equilibrium states, indicating that the curves generated using the present technique are only the part that can be observed in experiments.
